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Abstract. This paper investigates the error-correcting performance
of (73,61,12) quadratic residue code over a ternary field. A technique
used to determine unknown syndromes of binary quadratic residue
code is applied to the non-binary case to decode the ternary quadratic
residue code of length 73. Furthermore, known and unknown syn-
dromes are produced using the error-locator polynomial.
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1. Introduction

The well-known quadratic residue (QR) codes were introduced by
Prange [12] in 1958.These codes are typically half-rate cyclic codes with
powerful error correction capabilities. Over the last few decades, many de-
coding methods for binary QR codes 11 have been given advanced. There
are a total of 11 binary QR codes with code lengths of less than 100: 7, 17,
23, 31, 41, 47, 71, 73, 79, 89, and 97. The corresponding algebraic decod-
ing methods for these QR codes are known as the Sylvester resultant [5] or
Grobuner basis methods [8]. These methods can be used to solve Newton’s
identities [6], which are high-degree nonlinear and multivariate equations.

However, the calculations of identities require significant computational
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effort, especially when the weight of the corresponding error pattern be-
comes large.Therefore,these methods are only suitable for relatively short
QR codes. The Berlekamp-Massey algorithm [4] was used to decode the
QR codes with code lengths of 71, 79 and 97 in [1].

In previous decades, the Sylvester resultant [5], [11], or Grobner ba-
sis approaches [2] were the most extensively used methods for deciphering
binary QR codes. These approaches may be used to solve Newton iden-
tities, which are nonlinear and multivariate equations with a high degree
of complexity. However, calculating identities requires a significant level of
computing cost, particularly when the weight of the encountered mistake
pattern is considerable. Furthermore, because various QR codes utilise
different sets of circumstances to generate error sites, enumerating all sit-
uations would be impractical for hardware implementation. Although the
authors of [3] created an algebraic decoding strategy based on Newton iden-
tities for decoding the (73, 37, 13) QR code, the simulation results were not
supplied due to extremely complicated computations. Later, the authors
[4] used the well-known Berlekamp-Massey (BM) method to decode QR
codes. Once the necessary consecutive symptoms are collected, it is quite

efficient.

Lin & Wang et al. [9], [21] enhanced the decoding performance of the
QR code of length 89 even more by swiftly detecting unknown syndromes.
However, the circumstances corresponding to mistake patterns with vary-
ing weights have yet to be discovered. Li et al. [7] suggested an improved
decoding technique for the (73, 37, 13) QR code. It was built on the [15]
hybrid unknown syndrome calculation (HUSC) method and the modified
inverse-free BM algorithm. Furthermore, by adding more linear constraints
created by redundant parity checks (RPC), the performance of Linear Pro-
gramming (LP) decoding can be increased [13], [14], [19] and [20]. Although
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the majority of the LP decoding algorithms were designed to decode low-
density parity-check (LDPC) codes, they also performed admirably when
used to decode Bose Chaudhuri Hocquenghem (BCH) codes, Golay codes,
the (89, 45, 17), and the (73, 37, 13) QR codes, as shown in [4], [14], [16],
and [20]. One of the intriguing experimental results in [22] is that the (73,
37, 13) QR code performed better than the (89, 45, 17) QR code [20] and
[22] with much less multiplications and adds when LP decoding was used,

despite the latter having a greater minimum distance.

Algebraic decoding of binary codes can be performed using the Pe-
terson or Berlekamp-Massey algorithm once certain unknown syndromes
are determined. The method for determining unknown syndromes was first
used by Ruhua et al. [17] to decode the binary QR code of length 47 and
then to decode several other binary QR codes. Interlando [6] decoded the
ternary quadratic residue code of length 23. This ternary QR code can only
correct up to four errors. To the best of our knowledge, there has been no
ternary QR code study that corrected more than four errors. This article
examines the ability to correct five errors of ternary QR codes with a code
length of 73. We used the binary decoding method to detect and correct

)

12) .
five errors over F3( using known and unknown syndromes. The generator

of this QR code is an irreducible generator polynomial [18].

The main idea is to identify certain unknown syndromes to restore
the linearity of Newton identities. The main focus is on the calculation of
the error location polynomial. Error-values are found from the evaluator

polynomial [10, p.246] as soon as the error locations are determined.

In this paper, Section 1 contains the introduction and Section 2 con-
tains the background of ternary QR codes. Section 3 presented algorithm
to determine the unknown syndromes. The determination of unknown syn-

drome S is calculated in Section 4. In Section 5, calculation of o(x) for the
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ternary (73,37,16) QR code and also Section 6 contains the applications of

the proposed algorithm. Finally, Section 7 contains the conclusion of the

paper.
2. Background of ternary QR codes

A ternary QR code (n,k,d) or (n,(n+1)/2,d) with minimum distance
d is defined algebraically as a multiple of its generator polynomial over
GF(3),where k=(n+1)/2 is the message length and n is the code length.
Let n=12r%1 be a prime number,where r is a positive integer and m is the

smallest positive integer such that 3™=1(modn).

As usual, let E= GF(3'?) be the defining field of the (73,61,12) QR

code,First compute the set of quadratic residues modulo 73, @73, as follows:

Q73 = {i/i=7% mod 73 for 1<j <72}
={1,2,3,4,6,8,9,12,16,18,19, 23, 24, 25, 27, 32, 35, 36, 37, 38, 41, 46, 48,
49,50, 54, 55,57, 61, 64, 65, 67, 69, 70, 71, 72}. (1)

7280 ig a primitive 737

If a is a primitive element of E, then 6 = «
root of unity in E. The QR code of length n = 73 is a cyclic code with a

idempotent polynomial E(x) is generated by:
B(z) = 1+ e(a), 2)
where eg(z) = Z 2’ and N is the set of non-residues modulo 73.
iEN
Denote the set {0} UQ73 by Z and define the polynomial g(x) € f3(x)

is given by,

g(@) =[] {= -89}

lez
:{L'12+2.’I]11+$10+$9+$8+$7+$5+$4+$3+$2

+ 22+ 1. (3)
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A ternary vector c=(c’0,c’1,c2,.....c’'72) is a codeword if and only if its
associated polynomial ¢(z) = co + 12 + - - + ¢r2x? is a multiple of g(z).
If r = (ro,7r1,---7r72) is a received vector, then its associated polynomial

r(r) =ro+rz+---+ 7“721‘72 can be expressed as a sum of the transmitted

code polynomial ¢(x) and error polynomial e(x) = eq + ejz + - - - + eqpx’ 2.

The set of known syndromes is obtained by evaluating r(x) at the

roots of g(z), namely
S; = C(ﬁl) + 6(57') = e(ﬂi) for i € Qr3. (4)

If v errors occur in the received polynomial then the error polynomial

has v non-zero terms, namely
e(x)y=a™ 2™+ 42", (5)
where 0 < ry <19 < --- <1 <72 for ¢ € Q73, and the i-th syndrome S; is
given by
Si=(B") +(B72)" 4 (B™)'+ = (x1)" + (22)" + - (z)" (6)
where z; = 87,1 < j <w, are called error locators.

For the (73,61,12) QR code,one has the following equalities among

the known syndromes: S3 = S?,Sg = 5?4759 = Sf2,5’24 = Sf5,527 =
3 9 11 8 10 7 6
Sy, S16 =57 810 =257 ,S4=057 %5 =25 ,S0=2>5],92=257.

To determine the error locators x;, define the error-locator polynomial

o(x) as follows:
v—1 ]
olx)=2"+ Z Oy—jx?, (7)
3=0

where the 0;° are the elementary symmetric functions, which are related

to the syndromes via Newton’s identities [6, PP.244-246)

Se+ Y Sjop_; =0, forkeZ (8)

Jj=1
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which can be solved efficiently when there is a sufficient number of consec-
utive known syndromes. For the (73,61,12) code, the minimal distance is
12.This can correct upto 5 errors; however, the only syndromes that can be
determined directly from r(z) are Si, Sa,S3, S4, Sg, Ss and Sy. But S5, S7

and S1p are cannot be obtained by evaluating r(z) at the roots of g(x).

3. Algorithm to determine the unknown syn-
dromes

Step 1. Let I = {i1,4a, - iy+1} C {0,1,2,.....72} consisting of v+1 distinct

elements.

Step 2. Define a matrix X (I) of size (v+1)xv as follows:

i1 i1 i1
Zl z2 ‘. .. z’U )
212 2z z2
X(I) =
Zi‘v z;v Pz
v
Z%+1 Z;”“ Z:’)v+1

Step 3. Let J = {j1, 42, - - jut+1} be another (v+1) subset of {0, 1,2, ....72}
and define a matrix S(I, J) such that

S(I,J)=X(I)x X(J). (9)

Theorem 1 [3]. The (v+1)x (v+1) matriz S(I,J) in (8) has the form

Sitin  Sati T Sidjen
Si2+j1 Sinrjz T Si2+jv+1
S(1,J) =
Siv+1+j1 Siv+1+j2 T Siv+1+ju+1

where the summation of the sub-induces of s; are modulo 72. Moreover,

the determinant of S(I,J) is zero, i.e., det(S(I,J)) =0.
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Theorem 2 [4]. If among the entries of S(I, J), there is only one unknown

syndrome, say S, then S, can be expressed as the quotient of two deter-

minants of matrices obtained from S(I,.J). If S, appears in the (i,j)"

position of S(I,J), then
Sy = det(Ag)/det(A). (10)
where Ag is the (v+1) % (v+1) matriz that is identical to S(I,J) except

with the (i,7)" equal to 0 instead of S,, and A is the v'xv submatriz of
S(1,.J), obtained by deleting the i*" row and j** column of S(I,.J).

4. Determination of unknown syndrome S;

The six possible Cases 0 to 5 are disscussed separately,where the case
number indicates the number of errors for that case.For each case, the two
subsets I and J required in Theorem 1 to determine the primary unknown
syndrome S5 are explicitly listed. The other unknown syndromes S7, S1g

can be expressed in terms of Sy as follows:
Sy = 539,810 = S2.

Moreover the attachment of a superscript to “S5” to obtain the nota-
tion “Sév)” indicates that it is valid for the v-error case only.
Case 0. (0 error)

In this case, error v = 0.

The unknown syndrome is S’éo) =0.
Case 1. (1 error)

For v =1, let us choose I1 = {2,3} and J; = {2,6}.

Then, by Theorem 1, one obtains the matrix S(Iy, J1) of size 2 x 2,

S S
S(I,J1) = (Sé) Sz)
5
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where Sy = 1. Thus,one can solve for the unknown syndrome Sél) for the

1-error case as follows:
S = det(Ag) /det(A)

where

A= Sg and AO = <5(;4 §8>
9

This is a trivial case. By definition of a syndrome for the 1-error case,
St = (2,)% = S5,
Case 2. (2 errors)

For v =2, let us choose I = {4,5,8} and Jo = {1,4,19}. Then, by
Theorem 1, one obtains the matrix S(Iz, Ja) of size 3 x 3,

5§2) Ss  Sa3
S(Iz,J2) = | S¢ Sg Sou
Sg  Si2 Sor

where Sg = 0. Thus, by Theorem 2, one can solve for the unknown syn-

2 .
drome Sé ) for 2-error case using

S = det(Ag)/det(A).

where
Sy S
A= (512 527>
and
0 Sg Sa
Ag=|Ss Sg 5o
Syg  Si2 Sor

Case 3. (3 errors)

For v=3, let us choose Is = {0,2,4,5} and J3 = {1,4,67,69}. Then,
by Theorem 1, one obtains the matrix S(I3, J3) of size 4 x 4,
S1 Sy Ser  Seo
Sz S¢ Seg St

S8 Ss Sn S
Se So Sz So
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where Sg = 1. Thus, by Theorem 2, one can solve for the unknown syn-

drome Sés) for 3-error case using
S8 = det(Ag) /det(A)

where

S1 Sy Ser Seo

Sy Ser Seo
A= S@ 569 S71 . and Ao = S(;S 26 gﬁg S;I
Sg 572 Sl 8 71 0

Se So Stz 51
Case 4. (4 errors)

For v=4, let us choose Iy = {2,3,4,5,6} and J, = {67,69,70,71,72}.
Then by Theorem 1, one obtains the matrix S(Iy, Jy) of size 5 x 5,
Seo St1 S72 So 51
S7o Srza So S1 S
Sy, Jy)=|S1 So S1 Sz 53
Sro S1 Sy S; Sy
So Sy S3 Sy S
where Sy =0. Thus, by Theorem 2, one can solve for the unknown syndrome

554) for the 4-error case as follows:

S = det(Ag)/det(A).

where
Seo S71 Sr2 So
A— Sro Sr2 So 51
St So S1 S
Sr2 S1 S22 S3
and

Seo St Stz So S1
S7o Sz So S1 S2
Ag= (S So S1 S2 53
S72 S1 Sz Sz S
So S2 S3 Si S5

In the 5-error case,there does not exist a pair of subsetsl, J C {0,1,2,....72}

such that S5 appears exactly once in the matrix S(I, J). Therefore, slightly
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different approach from the previous algorithm is required to find the un-

known syndrome S5 for these cases.
Case 5. (5 errors)

For V =5, let us choose, Is = {0,1,2,4,8,71}, J5 = {0,1,2,8,69, 71},
I = {0,1,2,3,4,5} and J, = {0,1,2,3,8,72}
Form the matrices S(I5,J5) and S(I3, J:), by using Theorem 1,
So S1 S2 Ss Ses St

Sl 52 53 Sg S?O 572
Sy S3 Sy S Sm So

S B =15, 8 S5 Sm S S
Sg S S S Si Se
S71 Sz So Se¢  Ser Seo
and
So Sl SQ Sg SS S72
Sl 52 Sg S4 SQ SO
Sy = |52 % 5 S Su 5

S3 Sy S5 S¢ S S
Sy S5 Se¢ S7 Sz S3
S5 S¢ S7 S Siz Sa

where Sp = 1. All the entries in S(5,.J5) and S(If, J}) are known
except for Ss,S7,S10 and Sy3. However, S; = 5’516,5'10 = Sg, and Si3 =
S8, Therefore, f; = detS(I5, Js) and fo = detS(IL, J.) are polynomials in

a single variable, namely Ss.

Let f =gcd(f1,f2). Thus,the required unknown syndrome S; for the
5-error case can be determined by solving f(S5) with the help of Theorem
2.
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5. Calculation of o(z) for the ternary (73,37,16)
QR code

Step 1: Infor-
mation message

I(z)

Step 2: Encode

Channel —{ g(z)

Step 3: Decode

Received message
r(z)=c(z)+e(x)

Step 4:
(i) Compute the known syndromes from Eq(4).
(i) Find the unknown syndromes s; for 1<v<5
from the algorithm developed in Sec.4.

(iii) Compute the other unknown syndromes s(f), s%)

for 1<v<5 by substituting 5(71)):(5%6)“, s%):( Zyv,
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Step 5: Find the elementary symmetric func-
k—1

tion for v=1 using Sy = 2 Z Sjop_; for k=4.
j=k—2
¥

Step 6: Find the elementary symmetric function
k-1

for v=2 using Sy = 2 Z S;op—; for k=3,4.
j=k—2

!

Step 7:Find the elementary symmetric function
k—1

for v=3 using S, = 2 Z Sjop—; for k=23, 4.
j=k—3

¥

Step 8:Find the elementary symmetric function for
k—1

v=4 using S, = 2 Z Sjop—; for k=1,2, 3, 4.
j=k—4

¥

Step 9:Find the elementary symmetric function for
k—1

v=>5using S = 2 »_ Sjop_; for k=0,1, 2, 3, 4.
j=k—5

|

Step 10:Find the elementary symmetric function for v=v+1.

v<t

Step 11:Determine the error-locators x; and de-
fine the error-locator polynomial o(x) using Eq.(6)

Step 12:
v=v+1

If dego(z)=wv, go to Step 13.

Otherwise, go to Step 12.
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Step 13: Chien-search method applied
to find error-locations and correction.

End

6. Application of the algorithm

To illustrate the above decoder for correcting errors, the algorithm is
applied to the (13, 7, 5) QR code double-error correcting code over GF(3?)
generated by an irredcuible primitive polynomial P(z) = 2 + 2z 4+ 1 over
GF(3). The details of this example are given here instead of the (73,61,12)

case.

The set Q13 = {1,3,4,9,10,12} consists of the quadratic residues
modulo 13. Also, f = o is a primitive element of GF(3%) satisfying o® +

2a+1 = 0. This code can correct 2 errors, and the single unknown syndrome

is SQ.

For the cases of errors, the unknown syndrome Sév), 0<v <2 is

determined as follows:

For v=1let I = {0,1} and J; = {1,9}. Then, by Theorem 1, one
obtains the matrix S(Iy, J;) of size 2 x 2,

S S
Sy, J1) = (S(?) Sz)
2

where Sp = 1.

For v=2, let I, = {0,1,3} and J; = {0, 1,9}. Then, by Theorem 1,one
obtains the matrix S(Iz, J2) of size 3 x 3,
So S1 Sy
STz, 1) = | 81 S Sig

Ss  Ss So
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where Sy = 0.

Assume the message polynomial I(z) = 2% + 2% + 1.

Multiplying the polynomial I(x) by g(x), one obtains the code poly-
nomial ¢(z) = I(z).2% + d(z) = 2° + 2% + 2% + 22 + 223 4+ 2° + 2 + 2, where
d(x) is the remainder of I(z). 2° divided by g(z).

Two cases are discussed below.

Case 1. (1 error)

For the case of one error, assume the error polynomial is e(z) = z2.

Then the received polynomial is

r(@) = ofx) +e(e) = 2+ 2° + 28 + 2 4 25 + 2% 121 2.5,
= (BY)° + (8% + (89)° +2(8)* +2(8)° + (B)? + BT+ 2 for 1 <i < 4.
That is S; = o*.

By (7), the single unknown syndrome for the 1-error case is S’él) =t

The error-locator polynomial o(z) = 1+ a'z. The root of o(z) is z; =

a~% = 372 Thus, the error polynomial is e(z) = z2.

Case 2. (2 errors)

Assume that there are two errors in the received polynomial and the

error polynomial e(z) = 2® 4+ 2. Then the received polynomial
r@)=cx)+e(x)=a+28+ 25+ 2 + 2?2 + 2+ 2.

The known syndromes are,

Si=r(B = ()" +(B) +(8)° + 280" + (8) + 8 +2, i=1,2,3,4,

e, 1 =a? S3=a%* 8, =0 5;=1, and S = 1.

By (7), the single unknown syndrome for the 2-error case is 552) =a'2
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The error-locator polynomial is o(z) = a'°2? 4 a'?2 4 1. The roots of

6

o(x) are z; = a~% = 7% and x5 = a~* = 72, Thus,the error polynomial

is e(x) = 2® + 22
7. Conclusion

In this paper, we investigated the error-correcting performance of (73,
61, 12) quadratic residue code over a ternary field. The ternary field ap-
proach is more efficient when code is lengthy. A technique used to determine
unknown syndromes of binary quadratic residue codes was applied to the

non-binary case to decode the ternary quadratic residue code of length 73.

Acknowledgement. The authors would like to express their sincere grat-
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